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1. Introduction 

1.1. Weyl geometry. Consider a triple VV := (N,g,V) where g is a pseudo- 
Riemannian metric on a smooth n dimensional manifold TV and where V is a torsion 
free connection on the tangent bundle TN of TV. We suppose n > 2 henceforth. 
We say that W is a Weyl manifold if the following identity is satisfied: 

V.9 = -2<j) <g> g for some E C°°{T*N) . (1) 

This notion is conformally invariant. If TV = (TV, ,g,V) is a Weyl manifold, then 
TV := (TV, e 2 ' g, V) is again a Weyl manifold where </> := <fi — df. The simultaneous 
transformation of the pair (g, (f) is called a gauge transformation, properties of 
the Weyl geometry that are invariant under gauge transformations are called gauge 
invariants. Let V 9 be the Levi-Civita connection defined by the pseudo-Riemannian 
metric g. There exists a conformally equivalent metric g locally so that V — if 
and only if d<f> = 0; if d(f> = 0, such a class exists globally if and only if [0] = in dc 
Rham cohomology. The metric is said to be Einstein- Weyl if the symmetrized Ricci 
tensor associated to the connection V is a multiple of the metric; this condition is the 
natural analogue within conformal geometry of Einstein's equation in Riemannian 
geometry. Thus Einstein- Weyl structures are of central importance. 

Weyl [31] used these geometries in an attempt to unify gravity with electromag- 
netism - although this approach failed for physical reasons, the resulting geometries 
are still of importance [U El HI HH1 EH ESI El] and also appear in mathematical 

physics 0[inim[IIlE2lE3lE5]EZ!- We refer to US □! for further details con- 
cerning Weyl manifolds. The pseudo-Riemannian setting also is important [TH1 [55] 
as is submanifold geometry [20] and contact geometry O EI] • There are relations 
with para-conformal structures [9] and spin geometry [6] . The literature in the field 
is vast and we can only give a flavor of it for reasons of brevity. 

1.2. Affine and pseudo-Riemannian geometry. Weyl geometry fits in between 
affine and pseudo-Riemannian geometry. We say that the pair A := (TV, V) is an 
affine manifold if V is a torsion free connection. We say that the pair TV := (TV, g) 
is a pseudo-Riemannian manifold if g is a pseudo-Riemannian metric on TV. Since 
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V 9 is torsion free and V 9 <? = 0, the triple (N,g,V 9 ) is a Weyl manifold. There 
are, however, examples with dxj) ^ so Weyl geometry is more general than pseudo- 
Riemannian geometry or even conformal pscudo-Ricmannian geometry. Every Weyl 
manifold gives rise to an underlying afhne and an underlying pscudo-Ricmannian 
manifold; Equation (JTJ) provides the link between these two structures. 

1.3. Curvature. Let lZ(x,y)z := (V^Vy — V y \7 X — V\ Xl y])z be the curvature opera- 
tor of a torsion free connection V. We use the metric to lower indices and define the 
^-associated curvature tensor R(x,y, z,w) := g(7Z(x,y)z,w). This tensor belongs 
to (g> 4 (T*7V) and satisfies the identities: 

R(x, y, z, w) + R(y, x, z, w) = 0, and (2) 
R(x, y, z, w) + R{y, z, x, w) + R{z, x, y, w) = ; (3) 

the symmetry of Equation ([3]) is called the Bianchi identity. We define the Ricci 
tensor Ric by setting: 

Ric(x, y) := Tr{z —5- lZ{z, x)y} . 

If V satisfies Equation (p}, i.e. if (N,g, V) is a Weyl manifold, then there is an 
additional curvature symmetry we shall derive in Theorem |6] (sec [16]): 

R(x, y, z, w) + R(x, y, w, z) = |{Ric(y, x) - Ric(x, y)}g(z, w) . (4) 

Similarly, if V = V ff arises from pseudo-Ricmannian geometry, then one has an 
additional symmetry: 

R(x, y, z, w) + R(x, y, w, z) = . (5) 

1.4. The algebraic context. It is convenient to work in an abstract algebraic 
setting. Let V be a real vector space of dimension n > 2 which is equipped with a 
non-degenerate symmetric inner product h. Let C ® 4 V* be the space of all 
generalized curvature tensors] A € 1H(V) if and only if A satisfies the symmetries 
given in Equations ^ and 

The space of algebraic curvature tensors 2l(V) C ^(V) is the subspace defined 
by imposing in addition the symmetry of Equation ([5])- An immediate algebraic 
consequence of Equations ([2|) , ([3]) , and ([5]) is the additional symmetry 

A(x, y, z,w) = A(z,w, x, y) . (6) 

Note that the relations of Equation §E§ and of Equation (J6]) are equivalent in the 
presence of Equations ([2|) and ([3]) - see, for example, the discussion in [12] . 

Weyl geometry is intermediate between pseudo-Riemannian and affine geometry. 
We define the subspace of Weyl generalized curvature tensors TO(V) by imposing 
Equations ©, ©, and Q. Then: 

a(y) c w{v) c m(V) . 

1.5. Geometric realization of curvature tensors. We shall say that a gener- 
alized curvature tensor A <= SH(V) is realized geometrically by an affine manifold 
(N, V) if there exists a point P G N and an isomorphism S : V —> TpN so that 
S*i?p = A. The following result [3] shows that Equations ([2} and ([3]) generate the 
universal symmetries of a torsion free connection: 

Theorem 1. Every generalized curvature tensor can be realized geometrically by 
an affine manifold. 
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We have a corresponding result for algebraic curvature tensors. We say that a 
triple (V, h, A) is a pseudo-Riemannian curvature model if h is a non-degenerate 
symmetric inner product on V and if A £ Sl(V') is an algebraic curvature tensor. 
Such a model is said to be geometrically realized by a pseudo-Riemannian manifold 
(N,g) if there exists a point P 6 N and an isomorphism 3 : V — > TpN so that 
S*gp = ft, and so that E* Rp = A. The following is well known (see, for example, the 
discussion in [3]) and shows that Equations (O, ©> an d © generate the universal 
symmetries of the curvature tensor of the Levi-Civita connection: 

Theorem 2. Every pseudo-Riemannian curvature model can be realized geometri- 
cally by a pseudo-Riemannian manifold. 

We say that a triple (V, h, A) is a Weyl curvature model if ft. is a non-degenerate 
symmetric inner product on V and if A 6 2U( V) is a Weyl generalized curvature ten- 
sor. Such a model is said to be geometrically realized by a Weyl manifold (N, g, V) 
if there exists a point P £ N and if there exists an isomorphism H : V — > TpN 
so that S*<?p = h and so that S*i?p = A. The following result extends Theorem 
Q] and Theorem [2] to the Weyl setting; it shows that Equations J2]), ([3]), and (gj) 
generate the universal symmetries of the curvature tensor in Weyl geometry. It 
shows that one can pass from the algebraic setting to the geometric setting and 
provides thereby many new examples. 

Theorem 3. Every Weyl curvature model can be realized geometrically by a Weyl 
manifold. 

Remark 1. If (TV, g, V) geometrically realizes A at a point P € N, by considering a 
suitable conformal deformation (N, e 2 ' g, V), we can use the Cauchy-Kovalevskaya 
Theorem to construct a Weyl manifold where / = 0(\x — P\ 3 ) which has constant 
scalar curvature and which realizes A at P. The argument is essentially the same 
as that used in [5] to establish a similar fact in the pseudo-Riemannian setting so 
we omit details in the interests of brevity. 

1.6. Conjugate tensors. Let {ei,...,e n } be an orthonormal basis for (V,h). We 
can contract indices to define a Ricci-typc tensor Ric* and the conjugate curvature 
tensor R* by setting: 

Ric*(x,y) :=^R{x,e h ei,y), R*(x,y,w,z) = -R(x,y,z,w) . 

i 

As pointed out in Section 2.3 of [12], for R £ 9X(V), the conjugate curvature tensor 
does not necessarily satisfy Equation ([3]), thus R* need not be an element of fR(V), 
in general. Note that Ric*(i?) = Ric(i?*). We present the following result, which 
is of interest in its own right, as an application of the techniques which we shall 
derive in this paper: 

Theorem 4. Assume n > 3. 

(1) Let A € W(V) be a Weyl generalized curvature tensor. Then the conjugate 
tensor A* satisfies the Bianchi identity if and only if A is an algebraic 
curvature tensor. 

(2) Let TV = (N,g,V) be a Weyl manifold where H 1 (N; M) = 0. Assume that 
the conjugate curvature tensor is a generalized curvature tensor. Then there 
exists f £ C°°(N) so thatW is the Levi-Civita connection of the conformally 
equivalent metric e 2 fg. 
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Here is a brief outline to the paper. In Section [21 we discuss a curvature decom- 
position of W(V) under the action of the orthogonal group O = 0(V, h) which is 
based on work of Higa [15] . In Section [31 we establish some basic geometrical prop- 
erties of Weyl manifolds and give an algorithm for constructing Wcyl manifolds. 
Section[4]is devoted to the proof of Theorem [3] and Scction[5]is devoted to the proof 
of Theorem [4l The Higa curvature decomposition discussed in Section [2] is central 
to our analysis; in a subsequent paper [13) . we will examine algebraic properties of 
this decomposition in more detail. 

2. Curvature decompositions 

Let ARic(x,y) := ^(Ric(x,y) — Ric(y,a;)) be the alternating Ricci tensor, one 
has that ARic e A 2 (V*). We now define a : A 2 (V*) ® 4 V*. If tp e A 2 (V*), set: 

<r(i/>)(x, V, z, w) := 2tp(x, y)h(z, w) + ip(x, z)h(y, w) - tp(y, z)h(x, w) 
- ip(x, w)h(y, z) + i/j(y, w)h(x, z) . 

The following decomposition of W(V) is based on work of Higa [16]; we refer to 
[H [T2l [30] for related results concerning decompositions of d\(V) and of 2l(V) and 
to |13j for further information concerning the curvature decomposition of W{V) as 
an O module. 

Theorem 5. 

(1) ARiccrO) = -tm/> for if) 6 A 2 (V*). 

(2) a : A 2 (V*) ->W(V). 

(3) 21(F) = W(V) nker(ARic). 

(4) There is an O equivariant short exact sequence 

-> 2l(y) -> W(V) A -^ C A 2 (V*) -> 
which is equivariantly split by — ^-a. 

Proof. Let ip e A 2 (V*). Let A = a{i]j). Clearly A(x,y,z,w) = -A(y,x,z,w). We 
show that A satisfies the Bianchi identity by computing: 

A(x, y, z, w) + A(y, z, x, w) + A(z, x, y, w) 

= 2tjj(x, y)h{z, w) + tp(x, z)h(y, w) — ip(y, z)h(x, w) 

+2i/j(y, z)h(x, w) + tp(y, x)h(z, w) - ip(z, x)h(y, w) 

+2^(z, x)h(y, w) + ip(z, y)h(x, w) - ip(x, y)h(z, w) 

-ip(x, w)h(y, z) + %p(y, w)h(x, z) 

-ip(y, w)h(z, x) + ip(z, w)h(y, x) 

-ip(z, w)h(x, y) + ip(x, w)h(z, y) 
= 0. 

This shows that A € D\(V) is a generalized curvature tensor. To show A € W(V) 
is a Weyl generalized curvature tensor, we must establish that Equation ([4]) holds. 
Let {ej} be a basis for V. Adopt the Einstein convention and sum over repeated 
indices. Let hij := h(ei, ej) and let h lJ be the inverse matrix. Let Aij and Aijki be 
the components of Ric and of A relative to this basis. We have Ajk = hrAijki- We 
establish Assertion (1) by computing: 

Ajk = h ll {2^ijh k i + ipikhji - i'jkhii - ipuhjk + i'jih ik } 
= 2ip kj + ipj k - nipjk + + ipjk 
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By Assertion (1), Ric g A 2 (V*). We show that A g W(V) and establish Asser- 
tion (2) by using Assertion (1) to compute: 

Aijki + Aijik = 4i/jijh k i = %(Aji - Aij)h k i . 

If A g m.(V), let 

S(A)(x, y, z, w) = \{A{x, y, z, w) + A(x, y, w, z)} 

be the symmctrization of A in the last 2 indices; S(A) <E A 2 (V*) ® S 2 (V*). This 
symmetrization plays a central role in the curvature decomposition of JH(V) given 
by Bokan [4]. It is then immediate that 2l(V) = ker(S') n 9\(V). One verifies easily 
that if A G 2t(V) is an algebraic curvature tensor, then both sides of Equation ((4]) 
vanish so A g 2U(V) is a Weyl generalized curvature tensor. If A £ 2B(V), then 
5(A) = if and only if ARic(A) = by Equation (J2J). This shows 

ker(ARic) PiW(V) = St(V) 

and establishes Assertion (3); Assertion (4) is a direct consequence of Assertions 
(1), (2), and (3). □ 

3. The geometry of Weyl manifolds 

Let (N,g, V) be a Weyl manifold. Let {ei} be a local frame for TN and let {e 1 } 
be the corresponding dual frame for T*N. If <fi = (pie 1 is a 1-form, let £ := 0^ 
be the corresponding dual vector field. We can establish some basic geometrical 
properties of Weyl manifolds as follows: 

Theorem 6. Let V be a torsion free connection on a pseudo-Riemannian manifold 
(N,g). Let <j> be a smooth 1-form on N . 

(1) The following assertions are equivalent and define the notion of a Weyl 
manifold: 

(a) Vg = -2(j)®g. 

(b) V x y = V 9 x y + <p(x)y + (j>(y)x - g(x, y)£. 

(2) If (N, g, V) is a Weyl manifold, then: 

(a) d<p = -iARic. 

(b) R(x, y, z, w) + R(x, y, w, z) = |{Ric(y, x) - Ric(x, y)}g(z, w). 

Proof. Let r^* be the Christoffel symbols of the connection V and let Y 9 ^ k be the 
Christoffcl symbols of the Levi-Civita connection. We lower indices to define F^fe 
and express T^fc = r?. fc + Oijk- Then: 

9jk;i ■= eigjk ~ g(y ei ej, &k) ~ di e j, V ei efe) = ~a l]k - a ik j ■ 
Thus the assertion that Vg = —2cj) ® g is equivalent to the identity: 

2<f>igjk = ctijk + aikj ■ (7) 

Similarly, the assertion V x y = V|y + 4>(x)y + <fi(y)x — g(x, y)£ is equivalent to the 
identity: 

= o.y .i. + o .g.i - Oi g, , . (8) 

Thus to establish that Assertions (1-a) and (1-b) are equivalent, we must show 
that Equations (|7|) and ([8]) arc equivalent algebraically if we assume the symmetry 
ctijk = Oiji k which is the condition that V is torsion free. Suppose first that Equation 
d?]) is satisfied. We compute: 
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Otijk = —Otikj + 2<f>igjk = —Otkij + 1<t>i9jk = &kji + 14>i9jk — 2<f)kgij 

= ocjki + 2(p t gjk - 2^>h9ij = -Oijik + ^i9jk - ^<t>k9ij + 1<t>j9ik- 

Equation (jHJ) now follows. Conversely, suppose that Equation ([5} is satisfied. We 
complete the proof of Assertion (1) by checking Equation is satisfied: 

&ijk + o>ikj = 4>i9]k + 4>j9ik ~ 4>k9i] + 4>i9kj + 4>k9ij ~ 4>j9ik 

= Z&gjk ■ 

Suppose that Assertion (1-b) is satisfied. We must establish that the identity of 
Equation d3J holds. We have 

Rijkl = diTjkl — djTikl + g ,S (TiriTjks — ^jrl^iks) ■ 

Fix a point P of N. Choose geodesic coordinates on N which are centered at P for 
the given metric g. The Christoffel symbols of V s then vanish at P so we have: 

RijkiiP) = Rfjkii ) + {di a jki - d 3 a ik i + g rs {a lr ia :j ks - a jr ia iks )}(0) . (9) 
By Equation (J5J, 

g tk aijk = g lk {4>igjk + 4>jgik - 4>kgij} = 4>j + n<f>j - <t>j = n 4>'j ■ 

We use Equation © to see 

Rjk(0) = R 9 jk (0) + g a {dia jk i - djOiki + g rs (a irl a jks - a jrl a iks )}(0) . (10) 

We have that R 9 - k = R 9 k - and that dg(0) = 0. Thus when we anti-symmetrize 
Equation (flT))) and use Equation ([5]) we see 

{R jk - R kj )(0) = g il {-dja iH + d fe ayz}(0) 
= 9 %l {-9j{<t>i9kl + <$>k9il ~ <$>l9ik) + dk{(t>i9jl + <Pjgu - <Pi9i])}{®) 
= 9 a {-dMk9u) + 0fc(&0«)}(O) = nidkfa - djMtp) . 

This shows that ARic(O) = -±d<j>(Q). Since the point P was arbitrary, Assertion 
(2-a) follows. Since 

R ijkl + R9 ijik = and a vk + oi lkj = 24> igjk , 

we may compute that: 

{Rijkl + Rijik}(0) = {di(o>jki + o>ji k ) - dj(a>iki + a ak ) 

+g rS (airlOijks + O-irkO-jls ~ OijrlO-iks - OijrkUils} (0) 

= {2(d i <j> J - dj(j)i)gki}(0) + g rs {(-a l ir + 2<f>igi r )ajks 

+ {—Olikr + 2<j>igkr)oijls ~ OtjsiOtikr - a ]sk a ilr }{Q) 

= {2{di(j)j - dj(j>i)gki}{b) + g rs {2(f>ig lr ajks - 2a l i r cj>jgk s 

+2(j) l gkrOljls - 2a l kr<i> J gis}{Q) 
= {2{di(j)j - dj(f>i)gki}(0) + g rs {2(t) i a jk i - 24> j a i i k 

+2(f>iOijtk - 2(j}jam}(0) 
= {2(di<f>j - dj(j)i)g k i}{Q) + g rs {2(j) i (j)jgki - 2^0^^} 
= 2{{d^j - dj^MiO) = 1{{R TI - R ij )g k i}(0). □ 
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4. The proof of Theorem [3] 

Let A £ W(V). We apply Theorem [5] to decompose A = A 1 + A 2 for A 1 £ 2l(V) 
and for A 2 = a(ip) where tp £ A 2 , i.e. 

A?- fei = 2ipijh k i + ipikhji - Vife^ii ~ V^jfe + V^ifc ■ 

By Theorem [21 choose a pseudo-Riemannian manifold (N,g) which geometrically 
realizes (V, h, A 1 ) at some point P; identify TpM with V henceforth and h with g(0). 
Choose (/-geodesic coordinates (x 1 , x n ) centered at P. Then gfy = ft,^ + C(|a;| 2 ). 
Consider the 1-form := ipux dx % . We form the connection V of Theorem [6] to 
construct a Weyl manifold (N, g, V). The Christoffcl symbols of the connection are 
given by T l]k = Tf jk + a ijk where 

Oiijk = ipiiX l h jk + ijjijx l h ik - 4>i k x l hij . 
Since g = g{0) + 0{\x\ 2 ), T 9 = 0(\x\). Since a(0) = 0, T(0) = and thus: 
%«(0) - {diY jkl - djT ik i)(p) 
= R ijki(°) + (^ijhki + ipikhji - ipuhjk) - {ipjihki + 4>jkhii - tpjihik) 
A 1 -4- A 2 

— A ijkl ' A ijkl ■ 

This completes the proof of Theorem [3] □ 

5. The proof of Theorem [4] 

We work in the algebraic setting to establish Theorem2](l). Let A £ W(V). We 
decompose A = A\ + A 2 where A\ £ 2l(V^) and A 2 = atp for some ip £ A 2 (V). Since 
A* = A\ and A\ satisfies the Bianchi identity, A* satisfies the Bianchi identity if 
and only if A\ satisfies the Bianchi identity. We compute: 

A 2 (x,y, z,w) = 2ip(x,y)h(z,w) + ip(x, z)h(y,w) -ip(y,z)h(x,w) 

- ip(x, w)h(y, z) + ip(y, w)h(x, z) 

Al(x,y,z,w) = -2ip(x,y)h(w,z) - tp(x, w)h(y, z) +ip(y,w)h(x,z) 

+ ip(x, z)h(y, w) — tj}(y, z)h(x, w) 

We check the Bianchi identity: 

Al(x,y,z,w) + A 2 (y,z,x,w) + A* 2 {z,x, y,w) 

= -2ip(x, y)h(w, z) - ip(x, w)h(y, z) + ip(y, w)h(x, z) 

-2ip(y, z)h(w, x) - ip(y, w)h(z, x) + ip(z, w)h(y, x) 

-2ip(z, x)h(w, y) - ip(z, w)h(x, y) + ip(x, w)h(z, y) 

+ip(x, z)h(y, w) - ip(y, z)h(x, w) 

+ip(y, x)h(z, w) - ip(z, x)h(y, w) 

+ip(z, y)h(x, w) - ip(x, y)h(z, w) 

= —4ip(x, y)h(w, z) — 4ip(y, z)h(w, x) — 4ip(z, x)h(w, y) . 

Suppose n > 3 and that A satisfies the Bianchi identity. Let {ei,...,e„} be an 
orthonormal basis for V. Let {i, j, k} be distinct indices. We take x = e,, y = ej, 
z = w = e k to conclude ip(ei,ej) = 0. This proves ip = so A = Ai £ Ql(V). 
Conversely, of course, if A £ 21(F), then A* = A £ %L(V). 

Next, we examine the geometric setting. Let W = (N,g, V) be a Weyl manifold. 
We suppose the conjugate curvature R* tensor of V is a generalized curvature 
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tensor. By Assertion (1), that implies that R is an algebraic curvature tensor and 
hence A Ric = 0. Thus d<f) = by Theorem [6] (2a). Since we assumed the de Rham 
cohomology group H 1 (N; K) = 0, we can choose / € C°°(iV) so that <fi = df. Then 
(N, e 2 ' g, V) is a again a Weyl manifold where <f) — 4> ~ df = 0. Thus V is the 
Levi-Civita connection of the metric e 2 fg. □. 
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